The thermodynamic behavior of conventional Nambu-Jona-Lasinio and Polyakov-loopextended Nambu-Jona-Lasinio models is compared. Particular attention is paid to the phase diagram in the T − µ plane.
Introduction
Models of the Nambu-Jona-Lasinio (NJL) type 1,2 have a long history and have been extensively used to describe the dynamics of lightest hadrons and the thermodynamic properties of excited matter (see the review articles 3,4,5,6,7 ). In the "classical" versions such schematic models incorporate the chiral symmetry of twoflavor QCD and its spontaneous breakdown at temperatures below the critical one, T < T c . They offer a simple and practical illustration of the basic mechanisms that drive the spontaneous breaking of chiral symmetry, a key feature of QCD in its low-temperature, low-density phase. However, in spite of their widespread use, the NJL models suffer from the major shortcoming that the reduction to global color symmetry prevents quark confinement.
In the Polyakov-loop-extended NJL (PNJL) model [8] [9] [10] [11] [12] , the quarks are coupled simultaneously to the chiral condensate, to be an order parameter of the chi-ral symmetry breaking, and to a homogeneous gauge field representing Polyakov loop dynamics, which serves as an order parameter for the transition from the lowtemperature, symmetric, confined phase to the high-temperature, deconfined phase. The model has proven successful in reproducing lattice data on QCD thermodynamics 10 .
In this paper we confront general properties of π and σ mesons as well as thermodynamics at finite temperature T and baryon chemical potential µ calculated within the two-flavor NJL model with those of the PNJL one.
Nambu-Jona-Lasinio model
To describe the coupling between quarks and the chiral condensate in the scalarpseudoscalar sectors, the two-flavor NJL model 1,6,13,14 is used with the following Lagrangian density
where G is the coupling constant, τ is the vector of Pauli matrices in flavor space,q and q are the quark fields (color and flavor indices are suppressed),m 0 is the diagonal matrix of the current quarks masses,
The grand canonical thermodynamic potential can be obtained from this Lagrangian in systematic approximations. In the mean-field approximation it has the form 13
with
where N + (E p ) = 1 + e −β(Ep−µ) and N − (E p ) = 1 + e −β(Ep+µ) with E p = p 2 + m 2 and the inverse temperature β = 1/T .
Nambu-Jona-Lasinio model with Polyakov-loop
The deconfinement in pure SU (N c ) gauge theory can be simulated by introducing an effective potential for a complex Polyakov loop field. The PNJL Lagrangian 10,15-26 is
Here, the notation is the same as in Eq. (1). The quark fields are coupled to the gauge field A µ through the covariant derivative 
where
The gauge sector of the Lagrangian density (4) is described by an effective potential U Φ[A],Φ[A]; T fitted to the lattice QCD simulation results in pure SU (3) gauge theory at finite T 10,15 with
The parameters of the effective potential (5) and (6) are summarized in Table 1 . The parameter T 0 in general depends on the number of active flavors and the chemical potental 16 . In the present work we use T 0 = 270 MeV as in 10 .
The thermodynamic potential for the PNJL model in the mean-field approximation is given by the following equation 17
where (in analogy with (2))
Here, E p = p 2 + m 2 is the quark energy, E ± p = E p ∓ µ, and
Since NJL-type models are nonrenormalizable it is necessary to introduce a regularization, e.g., by a cutoff Λ in the momentum integration. Following 17 , we use in this study the three-dimensional momentum cutoff for vacuum terms and extend this integration till infinity for finite temperatures. A comprehensive study of the differences between the two regularization procedures (with and without cutoff on the quark momentum states at finite temperature) was performed in 22 .
Quarks and light mesons in NJL and PNJL models
In the mean-field approximation, we can obtain the constituent quark mass m from the condition that the thermodynamical potential (Eqs. (2) and (7), resp.) shall have a minimum with respect to varying this parameter, ∂Ω/∂m = 0. This condition is equivalent to the gap equation 14,17
where the quark condensate is defined as= ∂Ω/∂m 0 . For the mass gap equation of both models we get
for the NJL model, and
for the PNJL model. Moreover, for PNJL calculations we should find the values of Φ and Φ by minimizing Ω with respect Φ and Φ 17 at given T and µ. One should note, that if Φ → 1, the expressions Eqs. (15), (16) reduce to the standard NJL model Eqs. (13) and (14) . For a self-consistent description of the particle spectrum in the mean-field approximation, the meson correlations have to be taken into consideration. These correlations are related to the polarization operator of constituent fields. For scalar and pseudoscalar particles the polarization operators are represented by loopintegrals 4,18,19 .
where the operation Tr is taken over Dirac, flavor and color indices of quark fields. From point of view of the polarization operators, The pseudoscalar (π) and scalar (σ) meson masses can be defined by the condition that for
, leads to a bound state pole in the corresponding meson correlation function 17 . For mesons at rest (P = 0) in the medium, these conditions correspond to the equations
In order to solve Eqs. (11), (19) and (20), a set of model parameters has to be determined: the cutoff parameter Λ, the current quark mass m 0 (in chiral limit m 0 = 0) and the coupling constant G. These parameters are fixed at T = 0 to reproduce physical quantities: the pion mass M π = 0.139 GeV, the pion decay constant F π = 0.092 GeV and the quark condensate1/3 = −250 MeV. The obtained parameters are shown in Table 2 . Table 2 . The set of model parameters reproducing observable quantities (in brackets) and the chiral condensate1/3 = −250 MeV. 
Thermodynamics of NJL and PNJL models
The thermodynamics of particles is described in terms of the grand canonical ensemble which is related with the Hamiltonian H as follows:
where N is the particle number operator and the operator Tr is taken over momenta as well as color, flavor and Dirac indices. If Ω is known, the basic thermodynamic quantities -the pressure, the energy and entropy densities, the density of quarks number and heat conductivity -can be defined as follows:
The thermodynamic potential in equilibrium corresponds to a global minimum with respect to variations of the order parameter(s)
All these relations describe thermodynamics of the system. For the considered models the thermodynamic potentials are defined from Eqs. (2) and (7). From these equations we can read off the vacuum part
This quantity does not vanish at T → 0 and µ → 0. Therefore, in order to obtain the physical thermodynamical potential which corresponds to vanishing pressure and energy density at (T, µ) = (0, 0), one has to renormalize the thermodynamic potential by subtracting its vacuum expression (28) . This corresponds to the following Thermodynamics of NJL-like models 7
defintion of the physical pressure Within the PNJL model with Λ → ∞ the reduced pressure and energy density exhibit reasonable behavior consistent with the recent lattice QCD results for the vanishing chemical potential 27 (see Fig. 2 ) keeping in mind that the m P S /m V ratio in lattice calculations is still far from that for physical masses m P S /m V ∼ 0.2. One should note that both models have the cutoff parameter Λ 17 . But the integrals containing the logarithm in Eq. (2) and Eq. (7) are both convergent 10,25 . In our work we calculated these integrals with Λ → ∞. It leads to the flattening of pressure at high temperature. However, most integrals for the PNJL model are convergent too. This was the reason to consider the thermodynamic functions for Λ → ∞. It was supposed that with increasing temperature the pressure has to reach the Stefan-Boltzmann limit 22 , which in the PNJL model is defined as
If the regularization Λ = 0.639 is used, the T -behaviour of the thermodynamic quantities considered is roughly the same while their absolute values are noticeably lower, being far from the Stefan-Boltzmann limit. In the NJL model both, p/T 4 and ε/T 4 are not only underestimated due to the missing gluon contribution, but also essentially shifted toward lower temperatures because of the lack of a confining mechanism for the dynamical quark degrees of freedom.
Within NJL-like models there are several characteristic temperatures. The parameter T 0 entering the effective potential (6) of the PNJL model has been noted above. Three other scales are the pseudo-critical temperature for chiral crossover T χ defined by the maximum of ∂/∂T , the pseudo-critical temperature for the deconfinement crossover T p which can be found from the maximum of ∂Φ/∂T , and T c defined for PNJL model as the average of two transition temperatures T χ and T p 10,15 . The temperature dependence of the order parameters for the chiral () and deconfinement (Φ) phase transitions, are shown in Fig. (3) . The chiral condensate decreases and the Polyakov loop potential increases with T , demonstrating closeness of the pseudo-critical temperatures T χ and T p at µ = 0 (see also Ta Table 3 . Extending our study of the (pseudo-)critical temperatures to nonzero chemical potential µ, we obtain phase diagrams in the T − µ plane shown in Fig. 4 . The chiral transition line, determined by 4
in both NJL and PNJL models, is a monotonously decreasing function of the chemical potential. In the limiting chirally symmetric case corresponding to m = 0 the T χ at large µ is higher than those for finite mass but both temperatures coincide when µ →0 for both the NJL and PNJL models. For the case µ =0 both models show the critical end point at the temperature T CEP below which the chiral phase transition is of first order. At this point (T CEP , µ CEP ) the phase transition changes from first order to crossover 22,23,24 . For the chirally symmetric case in the PNJL model the first order phase transition ends at a tricritical point above which, for T > T T CP , the chiral transition is of the second order. In the NJL model 28 the topology of the phase diagram is the same as in the PNJL case, only T CEP and T T CP are situated at higher temperatures. In accordance with other calculations, the temperature of the tricritical point is above that of the critical end point. and (T T CP , µ T CP ) =(160,265) MeV. These numbers are quite close to those in 22 for the set with similar parameter values (set B, the case I). One should emphasize that critical properties of observables are significantly influenced by the chosen parameter set and regularization procedure as was demonstrated in 22 .
Conclusion
We have compared the thermodynamics of NJL and PNJL models. In agreement with previous results, it is shown that the inclusion of coupling between chiral symmetry and deconfinement essentially improves the description of thermodynamic bulk properties of the medium. The models qualitatively reproduce both, π and σ meson properties in hot, dense quark matter and the rich and complicated phase structure of this medium. Effects of the Polyakov loop move the CEP to higher T and lower µ than in the NJL case 15 . The position of the calculated CEP in the T − µ plane is still far from the predictions of lattice QCD and empirical analysis. The further elaboration of the presented models may include color superconducting phases and nonlocality of the interaction 29 as well as effects beyond the meanfield 30 .
